Three freely meandering rivers in the Amazon basin were analyzed for statistical scaling properties and oxbow lake size-frequency distributions. The rivers are the Purus (central Amazon, planform data), Juruá (central Amazon, planform and oxbow lake data), and Madre de Dios (Peruvian Amazon, oxbow lake data). Long reaches were found to be powerlaw scaling over more than two orders of magnitude. These river planforms are self-affine fractals. Oxbow lake data suggest that the lakes are sampled from a skewed hyperbolic (Pareto) size-frequency distribution.
INTRODUCTION
The phenomenology of long-term meandering dynamics is notoriously difficult to study by empirical means. Meandering rivers are known to shed oxbow lakes by neck cutoffs, as well as shortcircuiting by chute cutoffs during floods (Gagliano and Howard, 1984; Walters and Simons, 1984; Lewis and Lewin, 1983) . Old maps and qualitative records over the past eight centuries have been used by various authors to describe meandering dynamics (Gagliano and Howard, 1984; Walters and Simons, 1984; Lewis and Lewin, 1983; Braga and Gervasoni, 1989) . Unfortunately, such maps were infrequently updated in the past, and generally it is not possible to reconstruct river evolution either qualitatively or quantitatively from historical sources. Furthermore, the better known rivers (such as the Mississippi) have been subject to various engineering experiments in artificial straightening since at least the middle of the nineteenth century, and are therefore no longer representative of natural meandering (Matthes, 1947) .
Aerial photographs, however, have been available for about 70 years, but there are no records in the literature of air photographs surveying a long river reach at frequent intervals. Satellite images allow just that, but have been available for no more than two decades, and rivers large enough to be visible on satellite images evolve too slowly to reveal their dynamical properties over this time span.
We are therefore left with indirect means; extracting dynamical meaning from the properties of rivers as seen in a time instant, or simulating river evolution by means of a model abstracting in some way the physical processes responsible for meandering. This paper is a comparative analysis of planform geometry of natural and simulated rivers, complementing the simulation results of Stølum (1996) and Sun et al. (1996) .
EMPIRICAL RIVER PLANFORM DATA AND THEIR MEASUREMENT
Four rivers were studied that in several respects approximate free and unforced meandering flow. The Purus and Juruá are tributaries of the Solimões (Amazon State, Brazil), and the Parana Breu is a former reach of the Juruá, bypassed by the main flow in an avulsion event but still actively meandering. Five reaches of these rivers were used to obtain planform statistics (Figs. 1-3, Table 1 ). In addition, one reach of the Juruá (Baker, 1978) and of the Madre de Dios River (Peruvian Amazon, Räsänen et al., 1992) were used to provide oxbow lake statistics. The various data were measured on satellite and radar images of the rivers. Landsat satellite images were obtained from the Landsat Pathfinder Humid Tropical Forest Inventory Project (http://www.pathfinder.sr.unh. edu/pathfinder/browser/) and synthetic aperture radar (SAR) images from the Global Rainforest Mapping Study (http://southport.jpl.nasa. gov/amazon/imagebrowser/), in addition to the published sources.
The statistical information extracted is planform scaling statistics and oxbow lake size-frequency distributions. "Scaling" refers to changes of shape or pattern when observed close up and from a distance. These statistical properties of river planforms are recurrent, characteristic outcomes of the meandering process, and therefore allow detailed quantitative comparison between real and simulated river meandering.
The state of convolution of a meandering river planform is usually measured by the dimensionless parameter sinuosity, S
where L is the length of the river along its course from a point A to a point B, and l is the shortest length between the same points. L and l are conveniently measured in units of average width, w. When the river is straight, sinuosity has a minimum value of one. In most cases, sinuosity rarely exceeds a value of four. Oxbow lakes have a finite length range, with a maximum value of ~40 w. Sinuosity does not record scaling information because it only contains information at one scale (the choice of unit of measurement). An appropriate basis for testing whether the river geometry contains scaling symmetry is the fractal dimension, which is a property of objects with scaling geometry (Mandelbrot, 1983; Feder, 1988; Schroeder, 1991; Korvin, 1992; Peigen et al., 1992) . Two fractal dimensions may be found in the river geometry: the similarity dimension, and the hierarchy dimension. The first is the same as the fractal dimension normally used in describing fractal geometries, including meandering river reaches (Snow, 1989; Montgomery, 1996) . The similarity dimension records the same information as sinuosity, but shows how this information changes with change in scale, whereas sinuosity records the information only at a single scale defined by the choice of unit of measurement (e.g., average river width). The hierarchy dimension characterizes how meanders and higher-order undulations in the trace are distributed into a hierarchy of sizes; this second fractal dimension is fully defined in the following.
As mentioned, the river will shed off oxbow lakes through neck cutoff of mature meanders. Since these cut-off segments may persist for a long time before they are obliterated by the active river, satellite images tend to reveal large numbers of oxbow lakes next to high-sinuosity rivers. Oxbow lakes are caused by meandering motion, and the size (length)-frequency distribution of oxbow lakes therefore contains information relevant to meandering dynamics.
Another cutoff process may also occur by formation of short-circuiting channels, or chutes. For the Purus and Juruá Rivers, discharge data indicate near steady state conditions (Fig. 4) , and only minor chute cutoffs (<3 w long) are occasionally seen on images obtained during bankfull discharge. Short chutes of this kind act to short-circuit neck cutoffs of mature meanders, whereas chutes >~10 w long short-circuit reaches of several meanders and fundamentally change the meandering dynamics. Whereas short chutes may easily develop during brief spells of overbank flooding associated with steady, periodic discharge fluctuations (Hooke and Redmond, 1992; Hooke, 1995) , long chutes spanning several meanders require more unpredictable discharge fluctuations (Levy or Cauchy distribution instead of the near-uniform distribution suggested by Fig. 4) . Consistently high sinuosities (>~2.5; Fig. 2 , B-D) confirm a long-term absence of long chute cutoffs.
SIMULATED VS. REAL RIVER PLANFORM DATA
A simulated reach was chosen at random for comparison (Fig. 5B) . The reach was obtained using assumptions of no lateral valley confinement and nearly steady discharge (chutes were limited to a length of 0.2 w). Hence, it represents spatially free meandering, and is nearly free also of temporal forcing.
The simulator may represent free meandering or any extent of valley confinement, and discharge conditions ranging from constant to frequent minor fluctuations that probe and shortcircuit neck cutoffs with chutes up to 2 w long. This paper is part of a study of free meandering dynamics per se, and hence simulated planforms under these conditions were not compared to empirical data in detail.
Many meandering rivers are spatially free. But the second condition, near absence of temporal forcing by discharge fluctuations, is rarely realized in nature. Sensitivity tests (Fig. 6 ) demonstrate that simulated rivers are not affected by valley confinement down to a valley width of 100 w, while they are highly sensitive to chute cutoffs longer than 1.5 w. This result was obtained by setting a uniform chute length threshold, which cut off all meanders at the critical length. The result is therefore not entirely representative of natural chute processes, which occa-sionally act over longer distances, and for many bends not at all, depending on local bank conditions and the duration and magnitude of floods. It should therefore be considered an averaged result, with the threshold approximately representing the median chute length.
Hence, comparable rivers in nature would infrequently have longer chutes of several river widths, and for most meanders no chutes at all. This condition is fulfilled for the three rivers studied. Due to the presence of terraces, Juruá and Purus are not entirely free over their entire length (Tricart, 1977) . Over short reaches the river gets close enough to a terrace on one side for the meandering pattern to show signs of confinement. The sample of reaches in Figure 1 avoids these parts, and consist of segments with relatively uniform discharge between major tributaries. Mandelbrot (1967 Mandelbrot ( , 1983 demonstrated that coastlines are scaling, in the sense that they don't have structures ("wiggles") only on a specific (intrinsic) length scale. Instead the same structures recur over a wide scale range. An arbitrary and artificial length scale may be imposed by measuring the length of the coast with a standard yardstick, but the measured length will depend on the actual length of the yardstick. The length is therefore a function of yardstick length, and Mandelbrot showed this relationship to be a power law. This function is equivalent to the geometrical property of self-similarity. Self-similarity means that the structure, (e. g., the coastline) appears to be similar (is having the same degree of wiggliness) independent of the scale at which one observes it. In order for this to be the case, the line has to be hierarchical; little wiggles are growing on top of larger ones, which means that larger wiggles are composed of smaller ones. This nested hierarchical structure is the essence of fractality. Mandelbrot's informal definition of fractal is precisely: "A fractal is a shape made of parts that are similar to, or repeat the whole in some way" (in Feder, 1988, p. 11) .
FRACTAL GEOMETRY
Some fractals are deterministic, in the sense that the parts exactly replicate the whole. Such fractals are generally not found in nature (except in some plants), but can be constructed by iteratively applying a mathematical transform to an initial shape. Because such mathematical constructions are deterministic, it is possible to derive their fractal dimensions analytically. The fractal dimension is the exponent of the powerlaw scaling relationship. A deterministic representation of the river fractal (i.e., a representation of the information content of the river planform) may be formed by superimposing waves with different wavelength and amplitude. Each successive smaller scale of un- dulation has to be superimposed on the previous so that the larger undulation forms a line through the inflection points of the smaller. However, the river planforms of Figures 2 and 3 are examples of statistical fractals, with a nested hierarchical structure of bends and undulations of varying shape (Fig. 7) . A statistical fractal is a structure with random irregularities, and hence less ordered than a deterministic fractal. But the fractal geometry is still manifest in statistical distributions of characteristic attributes of the structure. Thus the geometry in terms of averaged properties corresponds to a deterministic fractal.
The river planform in Figure 7 is a case of asymptotic self-similarity (Schroeder, 1991) , or self-affinity. Self-affinity implies that the scaling is anisotropic; the undulations become less pronounces the longer they are. Hence, there is a different scaling rule in the x and y directions. Anisotropic scaling is less constrained than isotropic scaling, and therefore more common in nature. Well-known examples include diffusion fronts, rock surfaces, and map contours Rinaldo 1997, RodriguezIturbe et al., 1994; Power and Tullis, 1991; Feder, 1988) .
RIVER SCALING STATISTICS
The scaling properties of the Juruá and Purus reaches, treated as a whole, were found by measuring the planforms with yardsticks of different length (the divider method). By this method the fractal dimension, D, of the planform (the similarity dimension) is given by
where r is the length of the yardstick in units of average river width, a is a proportionality constant, and N is the number of yardsticks necessary to cover the entire planform. The divider method yielded fractal dimensions in the range of 1.18-1.47 over 1.2-2.3 orders of magnitude (Fig. 8) .
The shortest relevant yardstick length is 1 w, but in most cases it seemed sufficient to use 2 w as the smallest scale. The scaling interval was identified from the log-log plots of r vs. N by a simple procedure: if a distribution tail could be found with a gradient of ~1 (to within ±5%), then this range does not contain scaling information, and is outside the interval. Then a core part of the fractal interval with correlation coefficient r 2 = 1 was identified, mostly comprising three points. If more points could be added, up to the limits set by tails of distribution, with only a small and linear drop in r 2 for each addition (<0.03 as an average drop per addition, averaged over all additions), then the entire set of included points can be considered linear, and measuring the fractal range and dimension of the planform.
Short scale ranges of 1.20 orders of magnitude are associated with a clear crossover, and represent the meanders themselves (Purus 2, Jurua 2, Parana Breu). This appeared to be a lower limit, as no improvement in r 2 could be found by truncating these sets.
The longer ranges of 2-2.4 orders of magnitude occur when no crossovers to a gradient of 1 could be found within the measured scale range (Purus 1, Jurua 1, simulated). They represent the complete fractal structure generated by meandering, and comprise both meanders and higher order undulations. Relative to the number of values (8-9 data points), these sets also had a high correlation coefficient, indicating geometrical continuity between meanders and undulations. This range appears to be near an upper limit; the lowest frequency undulations seen in these reaches were invariably shallow with only a small contribution to N. Therefore, longer reaches contain little additional structural information, and an asymptotic crossover to a gradient of 1 is expected just outside the measured range.
Fractal scaling of meandering river planforms (and ocean currents) was originally suggested by Mandelbrot (1983, p. 99, 111) , and analyzed by Snow (1989) , Nikora (1991) , Mullen and Kirwan (1994) , and Montgomery (1996) . For about 50 meandering rivers, Snow (1989) and Montgomery (1996) found that the meanders themselves scale over one order of magnitude. The range of scaling is highly sensitive to reach length, l, for l <400 w (Fig. 9A ). The reaches studied by Scott (1989) and Montgomery (1996) were mostly around 200 w. Such short reaches contain no information about long wavelength undulations, and therefore these earlier measurements were strictly of the meanders themselves (and were also in this respect somewhat truncated by the finite size of the samples). Finally, correlation exists between the fractal dimension and sinuosity but varying widely between rivers, as previously noted by Montgomery (1996) (Fig. 9B) .
The main conclusion of all studies to date is Geological Society of America Bulletin, November 1998 Montgomery (1996) . that meandering river planforms are self-affine monofractals with a natural scaling range of 2.4 orders of magnitude. The generating mechanism is the meander cutoff process, with the actual meanders being the generator shape. The structure may be more precisely described as a prefractal because the self-affine geometry prevents it from spanning more than about seven iterations of the generator (in the limit of infinite recursion the structure becomes an ideal mathematical fractal). However, since naturally occurring fractals are always finite, such prefractal structures are usually referred to as fractal when they span at least two orders of magnitude. If they span less than one order of magnitude it is difficult to establish the exact scaling rule. The oxbow lakes discussed in a later section clearly demonstrate this problem.
A more detailed scaling analysis should take into account the actual hierarchical structure of the planform, in the form of the smallest and simplest meanders superimposed on more complex, cumuliform meanders and larger scale undulations. This structure was analyzed by an inverse renormalization procedure (Fig. 10) , starting with measuring meander length l (shortest length between two successive inflection points), at a given, small scale (average river width). The inflection points were then connected to form a new, meandering line, which defines the next hierarchical level of meandering. The meanders spanned by this line were measured (using the same unit). The process was terminated when a single undulation spanned most of the river. At all levels, the process was iterated from upstream to downstream (right to left in Fig. 10 ). During the process, various pronounced features were recorded as meanders that persist unchanged or nearly unchanged through several levels of the hierarchy ("nearly unchanged" defined as less than an arbitrary threshold of change, in this case 10% increase in length from one level to the next higher level). Such features have been recorded only at their lowest level of occurrence, and appear as dots in Figure 10 when recurring at higher levels. This method quantifies the meander hierarchy with consistent accuracy. Details of the hierarchy are sensitive to the starting point, as well as the direction chosen for the process. However, the overall statistics are not sensitive to these factors, as found by initiating the hierarchy from either end of the reach.
The meander hierarchy of the Juruá 1 reach scales over two orders of magnitude when measured by meander length (Fig. 11) . The fractal hierarchy dimension, D h , characterizing the meander length scaling of this structure, is given by
where L is the length of meanders in units of average river width, and N is the number of meanders with length L larger than l. D h was found to be 1.13 for the Juruá 1 reach. This value was found by fitting a single least-square regression line through the entire power-law interval (Fig.  11) . If the least accurate data are excluded (levels 1, 6, and 7), D h (l) rises to 1.19 over 1.7 decades. The meander amplitude or depth, m, is defined in the inset to Figure 12 as orthogonal to l. Using the same procedure as above, m yields D h (m) = 1.63. Hence the meandering river is a self-affine fractal (scales differently in different dimensions). Two hierarchy dimensions are required to describe the structure, because the undulations of the hierarchy become less pronounced the longer they are (Figs. 7 and 10). Although the structure as a whole changes shape when seen at different scales, the change of shape is in variant for all scales, given by the constant ratio
The inverse renormalization procedure introduces a sampling stratification that brings this out clearly. When each level (stratum) is represented by its mean, a power-law relationship between l and m becomes apparent (Fig. 12) . The number of measurements that form each mean varies from 175 at the smallest scale to 2 at the second largest. If the hierarchical set of undulations had been self-similar, the ratio should remain nearly constant (with only some random variation superimposed). The significant deviation from a power-law function at the highest DYNAMICS OF MEANDERING RIVERS Geological Society of America Bulletin, November 1998 1489 level is probably random, given that this point is based on only one value (the largest undulation), and the considerable variance present in the data.
The stratification is imposed by the sampling procedure and is not in itself indicative of natural discretization. Therefore, the observed power law is consistent with a continuous allometric law for the self-affine transformation of the form ,
where the constant k is the exponent of the power-law. k should not only be a constant within any given reach, but also near constant for all temporally and spatially unforced meandering rivers. The data suggest that k ≈ 0.70.
OXBOW LAKE SIZE-FREQUENCY DISTRIBUTION
Published satellite and radar images of the Juruá reach ( Fig. 2A ; Baker, 1978) and a freely meandering reach of the Madre de Dios River, Amazon basin (Räsänen et al., 1992) , reveal a large number of recent oxbow lake cutoffs, and also some oxbow lakes being formed and cutoffs just about to occur. In all, 71 complete oxbow lakes were identified from these images. The oxbow lake sizes (lengths) were normalized prior to measurement by scaling the images such that the average river width was the same. This allows pooling of the samples since the relationship between meander wavelength and average width tend to be scale invariant, as demonstrated by empirical evidence from a number of rivers (Leopold et al., 1964 , Leopold, 1994 .
The cumulative oxbow lake size distribution of the pooled sample is shown in Figure 13 , together with two hypotheses (sampling from a linear, and a Pareto distribution). Dadson (1998, Fig. 4 .12) found a distribution of exactly the same shape for 26 oxbow lakes from the spatially free Anabunga River, Papua New Guinea. The observed distribution therefore appears to be a consistent outcome of meandering dynamics. The scale range is too short to discriminate between the two hypotheses in terms of goodness of fit (both are statistically significant). However, unlike the Pareto distribution, the linear alternative is not able to account for the form of the tail end of large oxbow lakes, which is a characteristic feature of the data.
The Pareto distribution (also known as the asymptotically hyperbolic distribution) looks somewhat like a skewed normal distribution, but its large tail follows a power law. This distribution is an outcome of sampling from a fractal with a finite scale range (Mandelbrot, 1983) . The large tail of the pooled sample fits a power-law cumulative distribution given by
with the constant b = 3.74 (Fig. 13, hypothesis  2) . N is the number of oxbow lakes with a length S larger than a given length S. Similar fits were obtained using the samples from each river individually. The null hypothesis of sampling from a Pareto distribution was tested for the pooled sample. It is accepted at the 99.9% confidence level when the correlation coefficient is used as test statistic. The correlation coefficient r 2 = 0.993 for 32 degrees of freedom implies a probability of less than 0.01% for getting the observed goodness of fit if all deviations were random. Pitman's variance test confirmed that the dm dl k m l = Geological Society of America Bulletin, November 1998 data, X 1 , and the model values, X 2 , represent populations with the same variance at the 99% confidence level (F = 1.0067 and r DS = -0.0026, where D = X 1 -X 2 and S = X 1 + X 2 for 32 degrees of freedom).
Since the scale-range is less than an order of magnitude, and the Pareto distribution only fits the tail of the sample, it is possible that the data set would have a better fit to another distribution. Three common distributions in nature are relatively similar to the sample distribution; the normal, lognormal, and Poisson distribution. The oxbow lake size-frequency distribution is compared to samples following these three distributions, but with the same size, mean, and standard deviation as the data set (mean: 14.70 w, standard deviation: 5.91 w) (Fig. 14) . The χ-square test rejects, with a large margin, the hypothesis of sampling from these distributions at the 99.5% confidence level.
Because meandering rivers have self-affine planforms, the geometry of the system does not allow the power-law tail of the distribution of the oxbow lake size distribution to extend over scale ranges of several orders of magnitude. Therefore, the size of any single cutoff never spans the whole system, and in fact the entire oxbow lake distribution spans a scale range of only 5 w-40 w, i.e., less than an order of magnitude. This short range is not a finite sample effect but close to the full natural range, and hence the set of oxbow lakes is not fractal despite probably having a Pareto size distribution. The available data do not yield any information about the statistical nature of spatiotemporal clusters of oxbow lakes. This is partly because the total sample of oxbow lakes is too small, and partly because the exact spatiotemporal relationships between neighboring oxbow lakes is not well determined from satellite and radar images (except that older oxbow lakes appear less sharp due to infilling and vegetation).
THE SIMULATION MODEL
Numerical simulation of river meandering allows study of various properties of meandering motion (Stølum, 1996 (Stølum, , 1997 Stølum and Friend, 1997; Sun et al., 1996) . The relevance of this approach depends on the ability of such models to realistically mimic dynamical aspects of meandering. The simulator is based on well-established flow equations, but several simplifying assumptions are made, which could potentially cause behavior not seen in nature.
The origin of the simulator is a deterministic, fluid mechanical model of freely meandering rivers developed by Parker and coworkers (Ikeda et al., 1981; Parker and Andrews, 1986; Parker and Johannesson, 1989 ). Howard and coworkers (Howard and Knutson, 1984; Howard, 1984 Howard, , 1992 Howard and Hemberger, 1991) mensional series of points, or nodes, along the river's centerline. For each iteration, the position of each point is recalculated starting at the upstream end, which is fixed. The points are then moved according to the rate of laterally directed bank erosion in each point.
The results in this paper are based on the 1990 version of the simulator as described by Howard (1992) . This version follows from Parker and Johannesson (1989) and Johannesson and Parker (1989) , which gave a somewhat more accurate and complete description of meandering than the 1984 model. This version of the simulator therefore does not have the small biases reported by Howard and Hemberger (1991) for the 1984 version. Detailed tests of the Howard (1992) second version provide good prediction of the bed topography and flow characteristics in experimental meandering channels with narrow width, vertical banks, and mobile sediment beds (Howard, 1992) . Furthermore, this model, when combined with the assumption that bank erosion rates are proportional to near-bank flow velocity, gives accurate estimates of bank erosion rates in natural channels (Hasegawa, 1989; Pizzuto and Meckelnburg 1989; Howard 1992) . A typical simulation outcome is shown in Figure 5B .
MODEL ASSUMPTIONS
The model contains several simplifying idealizations of channel geometry and flow properties, which amount to elimination of secondary effects.
1. The channel width is assumed to be spatially and temporally constant.
2. The cross-stream (transverse) variation in the vertically averaged downstream velocity is assumed to be linear instead of curved. 3. Water surface superelevation is assumed to be linear instead of concave.
4. The energy gradient is assumed to be uniform in the downstream direction.
5. The average channel depth is assumed to be uniform in the downstream direction.
6. Transient bedforms are not included (e.g., ripples, dunes, migrating bars).
In addition, one less obvious simplification is made.
7. There are negligible sidewall effects on near-bank flow.
This assumption is reasonable only if turbulence is confined to a thin boundary layer or suppressed to a scale range significantly below the river width. It is not a statement about the secondary helicoidal flow frequently observed in meandering channels, because this flow is a coherent (whole flow) motion, caused by the frictional drag along the whole boundary, and not by local effects. The secondary flow is therefore not a form of turbulence, but an attribute of steady flow. This was proved theoretically by Dean (1924) and experimentally by Taylor (1929) . In the model, the effect of the secondary flow on the near-bank velocity is described by an additive constant.
Define the whole flow Reynolds number Re = ρUL / µ, which measures the ratio of inertial to viscous forces acting on a fluid element (Furbish, 1997) . U, L are the characteristic (mean) velocity and length (channel depth) of the flow. The fluid density and viscosity are ρ and µ. Confinement of turbulence to a thin boundary layer occurs if Re is near the critical threshold for the steady-turbulent flow phase transition. This threshold depends on the properties of the system, but in experiments with curved glass pipes, the transition region was located between Re = 3 × 10 3 and 3 × 10 4 (Taylor, 1929) . This was also the range where large-scale helicoidal flow cells emerged. Re in the range of 5 Geological Society of America Bulletin, November 1998 × 10 4 to 5 × 10 5 is characteristic of high-sinuosity meandering rivers. For example, at bankfull discharge, Juruá has a mean flow velocity of 0.3 m/s, which gives a whole-flow Reynolds number of roughly 0.8 × 10 5 at bankfull discharge (cf. data in Baker, 1978 , and the discharge data in Fig. 4 ). Qualitative studies of flow structure in meandering rivers have repeatedly found a strong secondary current in the form of one or two flow cells dominating the channel cross section, and correspondingly negligible turbulence at the scale of the channel itself. Hence, phenomenologically, these rivers are near the critical threshold for steady to unsteady flow, but their Reynolds number is one order of magnitude larger than the experimentally found value at the transition.
Three experimentally established factors minimize turbulence in natural meandering rivers. 1. Boundary deformation by erosional accommodation in a clay-dominated medium reduces friction relative to flow past a rigid smooth boundary (Wang et al., 1998) . 2. Suspended load in the form of clay thickens the boundary layer relative to pure water (with a factor of five), and reduces frictional drag of the whole flow significantly relative to pure water flow (Gust, 1976) . 3. Bedload enhances turbulence . Whereas Taylor's experiments were done with pure water, a characteristic of meandering rivers is high concentration of suspended load when flow is at or above bankfull discharge. This is the case even in densely forested basins. For example, the estimated suspended load (solid + dissolved) of the Juruá at or above bankfull discharge is ~2 g/l, while the solid suspended load is 0.5 g/l (Gibbs, 1967) . The experiments of Gust (1976) were carried out with clay suspensions of 1-10 g/l in seawater. These concentrations were sufficiently low not to alter the viscosity significantly from pure water. A large concentration of dissolved electrolytes in the river enhances the flocculation of clay particles, making the solution similar in this respect to sea water. The clay concentration is less than used by Gust (1976) , but well within the same order of magnitude. Hence, in meandering rivers, a significant drag reduction from boundary shape accommodation and claysolute suspension is expected relative to pure water flow in a rigid channel.
The Juruá bedload at the junction with the Solimões is <1% of the total solid load. This is representative of the bedload supply and carrying capacity of near spatially and temporally free meandering rivers in general. This value was estimated by Baker (1978) from data in Gibbs (1967) , on the basis of mean annual discharge. Using Figure 4 , assuming a bankfull discharge of 7500 m 3 /s lasting for one-fifth of a year, and carrying a total suspended sediment yield of ~10 13 g dry weight (90% of the total annual suspended (Figs. 10 and 11) and data from the simulated reach in Figure 5B . sediment yield), the same result is obtained also when discharge is at and above bankfull. Assuming 1% of total solid load as bedload, the rate of bedload transport (g b ) per unit river width is g b = 0.003 kg/ms. Turbulence enhancement was found by for g b = 1.6 kg/ms and more, so the amount of bedload in the Juruá is several orders of magnitude too small to have this effect.
Thus, two factors found to reduce friction operate in meandering rivers, while a third factor known to increase friction is ineffective. At the same time, the density and viscosity of river water are not appreciably different from pure water. This is likely to be the reason why flow in meandering rivers behaves as if the whole-flow Reynolds number is an order of magnitude lower than it appears to be when calculated (incorrectly) on the basis of pure water flow.
In conclusion, treating the flow of high-sinuosity meandering rivers as steady is a reasonable assumption. In most cases, turbulence will only locally and temporarily spread across the whole flow. For example, if the river erodes a poorly consolidated sediment, turbulent perturbations of near-bank flow will occur when erosion takes place abruptly by bank failure and slumping, although in densely forested areas this mode of erosion may be largely eliminated due to bank stabilization by roots. In nature, local perturbations of this kind are inevitable, but not fundamental, aspects of the meandering dynamics. (That onset of meandering in a perfectly straight channel requires turbulence is another matter: turbulence is not required to sustain meandering, only to initiate it from this extremal starting geometry.)
In addition to the fluid mechanical approximations above, several simplifying boundary condition assumptions are made in the ideal case of spatially and temporally free meandering:
1. Local bank erosion rate is determined in part by local curvature, and in part on a cumulative upstream memory effect with exponential decay.
2. The dependence of erosion on velocity is linear.
3. The medium is homogeneous. 4. The river flows in a wide valley (more than 100 w).
5. The surface gradient is constant. 6. The channel is in equilibrium with the surface gradient (i.e., no downcutting or aggradation).
7. There is no discharge variation, and hence there are no chute cutoffs.
8. No branching processes occur (avulsions and stream captures).
Assumption 1 entails that the local rate of bend migration is not simply correlated with local curvature, but is non-locally related to a cumulative influence of upstream curvature and bed topography (introducing a memory effect).
This assumption, and several predictions of the model, were empirically tested and verified by Furbish (1991) . This study provided heuristic justification for the use of a convolution integral to describe the memory effect of upstream meanders on migration rate at any given site along the river (Furbish, 1988 (Furbish, , 1991 . Furbish also predicted analytically from the convolution model that a scaling structure would be present in the meandering pattern, but his empirical data were limited to properties of local bend kinematics. This paper extends the comparison to large-scale features of meandering.
Assumption 2 appears to be a reasonable ap-Geological Society of America Bulletin, November 1998 proximation, based on two reported tests (Pizzuto and Meckelnburg, 1989; Hasegawa, 1989 ) that demonstrate this linearity in two cases. Sun et al. (1996) proved that assumption 3 is not necessary by allowing for self-formed heterogeneity (oxbow lake clay plugs, and point-bar sand bodies). As long as the heterogeneity is not also imparting large-scale anisotropy, there is no significant effect on the meandering dynamics and its resulting planform pattern. Anisotropy as well as non-erodible elements at or above river width scale, however, will cause significant downstream variation in development, as proved experimentally by Jia and Schumm (in Schumm et al., 1987) .
Assumptions 4, 5, and 6 are possible and reasonable approximations for long reaches of rivers in mature basins in the short term (as corresponding to the simulations results of this paper). During the long-term evolution of the basin, natural channels will inevitably fluctuate around equilibrium with the valley surface, resulting in downcutting (formation of terraces) or aggradation (formation of crevasses and avulsions). Assumptions 6, 7, and 8 are linked. If there is equilibrium with the valley surface and no discharge variation, then neither chutes nor avulsions will occur. Constant discharge is an approximation to a situation of constant mean annual discharge and periodic fluctuations. But this is an exceptional state, possible only in the central parts of large, mature basins. Most meandering rivers are subject to erratic flood discharges and therefore are significantly forced by chutes. Even though the ideal case of absolutely free meandering is approximated over long reaches by some of the largest meandering rivers in the world, it is not the general situation of meandering rivers.
SIMULATION RESULTS
A detailed description of simulated spatially and temporally free meandering dynamics, using the second version of Howard's simulator, was given in Stølum (1996) . The initial state is a quasistraight course with small, random perturbations, and S ≈ 1. After an initial growth phase due to formation of a sine wave with increasing amplitude, the sinuosity falls off in steps as neighboring bends grow to meet each other, causing a series of cutoffs. In both cases, the sinuosity reaches a stationary state around an average sinuosity that is independent of initial conditions. Increase in sinuosity is caused by the slow enlargement of river bends due to bank erosion. Decrease is caused by cutoff events. These opposing processes self-organize the sinuosity into a steady state around a mean value of S ≈ 3.14 when the dynamics are unforced by chutes (Stølum, 1996) .
The fractal (similarity) dimension of the simulated river planform in Figure 5B was found to be 1.28 over two orders of magnitude (Fig. 8D) , using the divider method described previously. Both this value and the combination of fractal dimension and sinuosity are well within the range of natural variation (Fig. 9B) . Simulations also yield sets of oxbow lakes. The oxbow lake sizefrequency distribution from a duration of 30 000 iterations of the simulated river compares well with two hypotheses (sampling from an exponential, and a Pareto distribution) (Fig. 15) . The scale range of the distribution is too short to discriminate between these alternatives in terms of goodness of fit (both hypotheses are statistically significant). Both alternatives imply a crossover between two regimes. However, in the exponential case, the tail of distribution of large oxbow lakes appears as a residual outside the distribution. The Pareto alternative takes the tail fully into account, and is therefore a more parsimonious interpretation. Figure 5 compares a planform of the simulated river to a freely meandering reach of the Purus river. Both planforms contain similar downstream variations in local sinuosity and bend shapes. Qualitatively, therefore, the simulations represent natural free meandering with great accuracy. For example, such particular features as the elongate, cumuliform meander seen in Figure 16 occurs in both natural and simulated planforms, and with approximately the same frequency.
COMPARISON BETWEEN SIMULATION AND EMPIRICAL DATA
The ranges of the similarity dimensions from free meandering rivers and simulated rivers overlap (a lower limit in both cases is near 1.10, and the upper limit is around 1.5). This is also true of the range of sinuosity values and the span of fractal dimension and sinuosity.
Both rivers and simulated planforms tend to have a characteristic hierarchical structure in the form of meander bends superimposed on larger bends. The allometric relationship between bend shape parameters was statistically indistinguishable between Jurua I and the simulated planform (Fig. 12) . Hence, both river and simulation follow the same self-affine fractal geometry.
The oxbow lake size-frequency distributions of the simulated and real rivers are also very similar. Since both cases can be represented by the Pareto distribution, a comparison has been made between the large tails. Least-squares regression demonstrates that both tails fit power-law functions with comparable exponents (3.88 and 3.73). These exponents are sufficiently similar that an intermediate value could well represent both data sets (Fig. 17) . It is therefore most likely that both data and the simulation result were sampled from the same Pareto distribution.
In conclusion, the convolution model applied in the simulator successfully represents the spatial scaling structure of meandering rivers, as predicted analytically by Furbish (1991) .
DISCUSSION: THE FREE MEANDERING RIVER AS A DYNAMICAL SYSTEM
River meandering involves nonlinear feedback interactions between flow within the channel and the meandering pattern of the river. This has been indicated by numerous observations of real and experimental rivers (Bagnold, 1960; Schumm and Khan, 1972; Hickin, 1974; Hickin and Nanson, 1975; Parker, 1976; Falcon Ascanio and Kennedy, 1983; Odgaard, 1987; Nelson and Smith, 1989; Leopold, 1994) . In the meandering process, the river occasionally creates closed loops. This causes the river to short-circuit, or bypass, resulting in a separation of the loop from the active river (oxbow lake) (Brice, 1973 (Brice, , 1974 Lewis and Lewin, 1983; Gagliano and Howard, 1984; Swanson, 1984; Hooke and Redmond, 1992; Hooke, 1995) . These feedback processes in part drive the meandering process. Meandering may therefore be characterized as a self-excited process via mutual adjustments between the velocity and boundary stress fields and evolving channel morphology. On this basis Furbish (1991) recognized that meander train evolution is essentially a selforganization process. Stølum (1996) found that meander train evolution leads to the dynamical condition of self-organized criticality (SOC).
Self-organized in this context means that "the system naturally evolves to the critical state without detailed specification of the initial conditions (i.e., the critical state is an attractor of the dynamics)" (Bak et al., 1987 (Bak et al., , 1988 ). The original description of self-organized criticality referred to avalanches on sand piles. Each avalanche can be described as a communication of a noise signal. Parts of the system will be in a minimally stable state, where any small perturbation or noise signal may trigger an avalanche, bringing a region of the system into a more than minimally stable state. These regions will then impede the motion of noise generating avalanches in the minimally stable regions. At the critical state, "the system will become stable precisely at the point when the network of minimally stable clusters has broken down to the level where a noise signal cannot be communicated through infinite distances. At this point there will be no length scale, and, consequently, no time scale" (Bak et al., 1988, p. 367) . When the system becomes free of any intrinsic scale, fractal geometry emerges. The critical state is not an equilibrium state where dynamics die down. Instead it is characterized by stationary fluctuations around a constant mean value of some state parameter of the system. (For an introduction to the subject, see Bak, 1996; Bak and Chen, 1991 .) The analogy between the classical self-organized criticality model of grain-pile avalanche dynamics and river meandering is illustrated in Figure 18 .
Any system in the self-organized criticality state will have certain features in common with the theoretical and experimental grain-pile model commonly used to illustrate the concept (Bretz et al., 1992; Bak and Creutz, 1994; Frette et al., 1996) . A grain pile is formed by adding grains at a slow, uniform rate. In the subcritical state, the angle of the pile is below the angle of repose. There will be occasional small avalanches that will locally lower the slope, but the system is characterized by buildup. In the critical state, the system is maxi-Geological Society of America Bulletin, November 1998 (Fig. 13) and simulation result (Fig. 5B) . mally sensitive to small changes (minimally stable), and the slope of the pile fluctuates around the angle of repose. Any additional grain may trigger nothing, or an avalanche of any size up to the size of the system. Therefore the avalanche size distribution follows a scaling law with the largest possible scale range and also the noise signal of grains falling off the table is scaling (flicker-noise; 1/f noise). In the supercritical state, a temporally continuous avalanche will span the entire system, and bring the angle steadily down to the angle of repose. The system is globally independent of initial conditions in the sense that it will go to the critical state from any starting point (hence this is a property of dynamical robustness or resilience). But at the same time it is locally sensitive to initial conditions, in the sense that any change of the initial conditions will cause divergence of local trajectories within the critical state.
The meandering river is a plane-filling shape, and the degree to which it fills the plane may be measured by the sinuosity, or by its fractal dimension. In the supercritical state, the river nearly always generates large spatiotemporal clusters of cutoffs (avalanches) that span (migrate through) the whole system. In the subcritical state there is a steady buildup of sinuosity, and only small avalanches of cutoff events (mostly appearing as single, isolated cutoffs). The river has a tendency to go toward an intermediate critical state in which spatiotemporal clusters of cutoff events occur over the full-scale range available. The initial self-organization process usually leads to a single supercritical avalanche before the system goes to the critical state, possibly undershooting and overshooting a couple of times, depending on the initial geometry (Stølum, 1996) .
In the critical state, the mean sinuosity is always stationary in long simulation runs. The critical state remains stationary also if small chute cutoffs or some valley confinement is allowed, but the mean sinuosity of the stationary state is lowered (Fig. 6) . Hence, the self-organized criticality dynamics is not sensitively dependent on the river being spatially and temporally absolutely free. To complete the analogy, the equivalent of adding mass to a sand pile is adding length to a river. The rate at which sand falls on the sand pile is equivalent to the rate of lateral erosion by meandering.
That some form of functional scaling law will characterize the avalanche size-frequency distribution in the critical state is intuitively reasonable (given, of course, a large system run over many iterations). The power-law (fractal) avalanche distribution was derived analytically by Paczuski and Bak (1993) for a one-dimensional self-organized criticality model, and by Boettcher and Paczuski (1996) for a two-dimensional model. It is a fundamental property of self-organized criticality that dynamics in this state always lead to spatial and temporal scaling phenomena.
Due to self-affine scaling of meandering river planforms, there is a size limit to the growth of single oxbow lakes. Therefore, single oxbow lakes will not span the whole system unless we are looking at very short reaches. This does not mean that the sand-pile analogy is contrived. In the sand-pile analogy, avalanches correspond to spatiotemporal clusters of oxbow lakes, or to a mixture of clusters and isolated, single cutoffs. The self-organized criticality model of meandering predicts that such clusters exist as precisely definable entities in terms of a single measure, and that they have a power-law size-frequency distribution. This has been confirmed for avalanches over more than two orders of magnitude (Stølum and Friend, 1997) .
CONCLUSIONS
Meandering rivers are complex systems. An intrinsic property of meandering dynamics is the creation of oxbow lakes. Emergent properties of meandering rivers, not explainable by observation of the local erosion process of meandering, are power-law distributed avalanches of oxbow lake cutoffs, organization of the river planform as a self-affine hierarchy of bends, self-affine sinuosity fluctuations, and an apparent Pareto sizefrequency distribution of oxbow lakes. Several of these properties have been measured for both real and simulated rivers, and are found to be in close agreement. A description of meandering in terms of self-organized criticality explains the dynamical behavior of meandering rivers and their emergent properties.
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